It has been argued that a certain large N matrix model may provide a non-perturbative definition of M -theory. This model is the reduction to 0 + 1 dimensions of ten-dimensional supersymmetric Yang-Mills theory. It is crucial to this identification that terms with four derivatives in the effective action for the quantum mechanics should not be renormalized.
Introduction
Recently, Banks, Fischler, Shenker and Susskind have proposed a non-perturbative definition of M theory [1] , and perhaps for string theory in general. They conjecture that M theory, in light cone frame, is equivalent to the large N limit of a certain quantummechanical matrix model. This matrix model is the model which describes the low energy excitations of N D0 branes. It is the reduction to 0 + 1 dimensions of 10 dimensional supersymmetric SU (N ) Yang Mills theory. As evidence for this conjecture, the authors show that the low-lying spectrum is that of eleven dimensional supergravity. They also show that the scattering amplitudes of the gravity supermultiplet are, for small transverse momentum, precisely those expected in 11 dimensions. Finally, they argue that the theory contains membranes.
The matrix model is defined as the dimensional reduction of the ten dimensional Yang Mills theory. The ten dimensional lagrangian is simply
We have written the coupling here in terms of the dilaton. For many of our arguments, we will want to think of the dilaton as a background field. In ten dimensions (and in N = 4 supersymmetry in four dimensions) the dilaton is part of the supergravity multiplet, along with the dilatino, gravitino, graviton and antisymmetric tensor field. It is a simple matter to truncate this lagrangian to quantum mechanics in light cone gauge. The ten dimensional fields are taken to be functions only of time. The gauge bosons, A i , become the transverse coordinates, X i . The spinors become 16 quantum mechanical spinors. We will also be interested in truncations to four dimensions. In this case, the gauge multiplet decomposes as three complex scalars and a vector, while the spinor becomes four Weyl spinors (and the ten-dimensional supercharge becomes four four-dimensional charges).
To calculate the scattering amplitude, the authors of [1] first compute the one loop corrections to the effective action in the matrix model. These corrections go as v 4 /r 7 , where v is the transverse velocity (p t /p L ), and r is the separation. In Born approximation, this action yields the correct leading expression for the graviton-graviton scattering amplitude.
However, Banks et al point out that if there are higher order corrections to this action, they will lead to scattering amplitudes of the wrong form to identify with graviton scattering in eleven dimensions. So if the conjecture is to be viable, it is important to establish that there are no corrections at higher order to the effective action.
The purpose of this note is to argue that there is a non-renormalization theorem for the v 4 terms. Our argument will rely on properties of perturbation theory, so we will not be able to determine whether these terms are renormalized non-perturbatively. Our strategy is rather indirect, and is in much the same spirit as Seiberg's program for studying supersymmetric field theories [2] . We first establish a class of non-renormalization theorems for ten-dimensional supersymmetric gauge theories. These are modest generalizations of a theorem due to Tseytlin [3] . Actually, "non-renormalization" is a misnomer, since the theories we will consider do not make sense as quantum theories. Rather, we will focus on possible classical lagrangians. We start with the lowest order lagrangian, with background gravitational, dilaton and antisymmetric tensor fields. We then ask what sorts of terms with more powers of fields and more derivatives are permitted by the symmetries of this lowest order action. We are particularly concerned about terms quartic in the field strength, F M N , since the reduction of these terms leads to v 4 terms in the quantum mechanics.
Tseytlin established that there are only two such terms. We rephrase Tseytlin's argument slightly, and explains the sense in which it carries over to the (inconsistent) theories under consideration here.
While it is true that terms quartic in the field strength reduce, in quantum mechanics, to terms quartic in velocities, it is not immediately obvious that the non-renormalization theorem in ten dimensions immediately carries over to quantum mechanics. The quantum mechanics, for example, has an O(9) symmetry, which would permit structures like ( x · v) 4 , which cannot be obtained by reduction of gauge invariant terms in ten dimensions. However, if there were a superspace formulation of N = 4 supersymmetry (N = 1 supersymmetry in 10 dimensions) this would establish the desired result in the quantum mechanics model, order by order in perturbation theory. Supergraphs lead, after integration over θ's, to an effective action of the form
where O is an operator allowed by all of the symmetries (including the symmetries of the background fields), and f is a scalar function. 1 The lowest order quantum mechanical theory is just the dimensional reduction of the ten dimensional theory. As a result, the supergraphs of this theory would be identical to those of the ten-dimensional theory, except that the momentum integrals would be performed in 1 rather than in 10 dimensions. So the restrictions on the ten dimensional theory would imply that there was only a one loop ẋ 4 term. Without a superspace (or off-shell) description, the cancellations implied by supersymmetry in a given dimension, need only appear, in general, after the momentum integrations are performed. Thus the cancellations which must occur in ten dimensions need not necessarily occur in fewer dimensions. Note that such a non-renormalization theorem would be inherently perturbative; to determine whether non-perturbative effects lead to v 4 terms would require other methods.
Lacking a superspace formulation, we resort to indirect arguments. We consider, first, a truncation to four dimensions. This is convenient since the procedure for writing the lagrangian in an N = 1 superspace is well known. We establish that any term which may appear in the effective lagrangian in four dimensions in perturbation theory can be obtained by truncation of a corresponding term in ten dimensions. Thus the ten-dimensional nonrenormalization theorem implies that there is only a one loop renormalization of the F 4 terms in four dimensions. Since the four dimensional theory can be written in an N = 1 superspace, the graphs for the effective action for this theory are identical to those for the quantum mechanics model, except that the momentum integrals are performed in one rather than four dimensions. Thus there is no renormalization of the v 4 terms.
In the following three sections, each step of the argument is presented in greater detail.
Of course, the reader may (or may not!) be unhappy with our use of properties of ten and four dimensional field theories to understand features of a simple (?) quantum mechanics model, and might wish for a more direct proof. In the conclusions, we explain how our arguments indicate the structure of such a direct proof. We also indicate that the theorem might break down non-perturbatively.
Non-Renormalization Theorem in Ten Dimensions
The theories which interest us are truncations of theories which, in ten dimensions, do not make sense as quantum systems. It is crucial to our whole approach that these systems do make sense as classical systems. They can be coupled to gravity, as weakly as one wishes; we can think of the graviton, gravitino, dilaton and antisymmetric tensor fields, which make up the ten-dimensional supergravity multiplet, as non-dynamical backgrounds.
Our real interest is in the quantum mechanics of the lowest order lagrangian, truncated to one dimension. This is a perfectly consistent quantum system. Powers of the dilaton count loops in the quantum mechanical model. As outlined above, our strategy is first to establish that, in the ten dimensional, classical theory, the structure of the four derivative terms is completely fixed by supersymmetry, and the only terms of the form F 4 contain no powers of the dilaton.
The non-renormalization theorem we require in ten dimensions is only a modest extension of a theorem due to Tseytlin [3] . Tseytlin established, in string theory that the F 4 terms are only renormalized at one loop. Tseytlin's argument is very simple, and relies heavily on a study of the F 4 and R 4 terms in these theories by de Roo, Suelmann and Wiedemann [4] . These authors noted that there are two supersymmetric invariants containing F 4 terms, and computed their bosonic pieces:
1)
Tseytlin points out that if there are corrections, beyond one loop, to these expressions, they involve multiplication by factors of the dilaton, e nφ . But such terms would violate the antisymmetric tensor gauge invariance. For our later discussion it is worth noting that one does not even need to assume the antisymmetric tensor gauge invariance to obtain the result. In the supergravity theory, the gauge transformation laws of all of the fields involve only derivatives of the antisymmetric tensor field. The only way couplings such as those of (2.1) and (2.2) can arise are through expressions of the type (specializing, for simplicity of the writing, to a U (1) theory)
This has the form of (2.1)(2.2) after integration by parts. Additional factors of e φ would correspond to terms without derivatives in B. (This is perhaps a simple argument that the antisymmetric tensor gauge invariance is indeed preserved by the effective action.)
We could try to take over this theorem to any group. But one might worry that in order to apply Tseytlin's argument, it is important that the theory be consistent. After all, the terms at issue are not gauge invariant. Indeed, Tseytlin's argument assumes that in string theory, the effective action preserves the supersymmetry even though it does not preserve gauge invariance. One can give heuristic arguments for this, but it is not immediately clear what is the relevance of these to inherently anomalous theories, such as SU (N ) theories. We will argue, shortly, that in perturbation theory in the matrix model, the only terms which can arise are those which can be obtained as truncations of a classical supersymmetric effective action in ten dimensions. The perturbation theory of the matrix model is certainly supersymmetric and gauge invariant, so the only violations of gauge invariance in the ten dimensional lagrangian are those which do not survive the reduction (in particular, the ǫ terms in (2.1)(2.2). In the quantum mechanics, as in the ten dimensional theories, we will allow for background fields corresponding to the reduced ten dimensional supergravity multiplet (graviton, antisymmetric tensor, dilaton and gravitino fields). Thus the ten dimensional non-renormaliation theorem will imply the quantum mechanical one.
Truncation to Four Dimensions
Consider, next, the theory obtained by truncating the leading order theory to four dimensions. This theory has N = 4 supersymmetry. It also has an exact O(6) = SU (4) global symmetry. The SU (4) symmetry is an R symmetry; the supersymmetry generators, One can easily work out the leading lagrangian by reduction from 10 dimensions, but it is instructive start with the gauge kinetic terms, and construct the lagrangian by using the SU (4) symmetry and N = 1 supersymmetry. The gaugino kinetic term must be accompanied by similar kinetic terms for the 4 of fermions:
Here, the ψ i 's are the fermions in the chiral multiplets; they transform as a 3 − 
These give the dimensional reduction of the F 2 µI terms in the ten dimensional lagrangian, i.e. the kinetic terms of the scalar fields. In the case of a non-Abelian group, there is also a superpotential,
which, along with the D terms, corresponds to the reduction of the F 2 IJ terms in ten dimensions. In other words, the symmetries of the four dimensional theory are enough to establish that the lagrangian at the level of two derivative terms is precisely what would be obtained by reduction from ten dimensions.
Note that in the non-abelian case, the presence of a superpotential allows us to immediately establish a non-renormalization theorem for the second derivative terms in the lagrangian, since the superpotential cannot be renormalized. This theorem is well-known in the string context, where it follows from the uniqueness of the N = 1 supersymmetric effective action. The theorem also holds for the quantum mechanics model, by the supergraph argument given earlier.
Now consider F
4 µν terms (with either contraction of the indices), before coupling the system to supergravity. Again, we can show that the symmetries of the four dimensional theory yield a lagrangian which can be obtained by reduction from ten dimensions. In N = 1 language, the F 4 µν terms arise from the superspace expression:
This coupling generates many terms, including terms of the form
If we make these terms SU (4) symmetric, and then N = 1 supersymmetric, we obtain terms which are the reduction of F 4 in ten dimensions. Written in superspace, these include couplings of the type
The first term generates couplings which are the reduction of F We require, however, something more than this. In higher orders of perturbation theory, F 4 terms will be accompanied by powers of the dilaton. Since the dilaton is part of the N = 4 supergravity multiplet, in order to complete our proof, we need to show that when coupled to N = 4 supergravity, any such higher order terms can necessarily be understood as reductions of corresponding terms in ten dimensions. The absence of such terms consistent with supersymmetry in ten dimensions means that there can be no such terms in four. To make this argument, let us first reconsider the one loop (dilaton-independent) terms which we have just considered. We can give an alternative argument that these must generalize to F 4 terms in ten dimensions in the following way. Truncate the lowest order four dimensional theory to 1 dimension, i.e. quantum mechanics. This theory posesses an O(9) symmetry, which will be respected by all Feynman graphs. But the four dimensional theory can be written in superspace, and as a result, all of the operators generated in the perturbation expansion of the quantum mechanics are reductions of operators in the four dimensional theory. This means that the terms in the four dimensional effective action, restricted to be functions only of time, must respect the O(9) symmetry.
This O(9) symmetry implies that all of the four dimensional operators can be generalized to ten dimensions. To see this, consider the bosonic terms in the effective lagrangian.
Invariants with respect to O(3, 1) are constructed by contraction of tensor indices with powers of η µν ; contractions with ǫ µνρσ violate the CP -invariance of the truncated theory.
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But O(9) invariants are constructed similarly, by contraction with Kronecker delta's. So any invariant in the four dimensional theory generalizes to a coupling allowed in ten dimensions. Of course, there may be couplings permitted in ten dimensions which vanish upon truncation to four, constructed with the ten-index ǫ-tensor.
Note that we have established a result which we used in the previous section. In four dimensions, there is a superspace description of the theory, and in this version, order by order, the effective action is supersymmetric and respects the gauge symmetry. This is why we could restrict our attention to operators in ten dimensions which were supersymmetric, and which were gauge invariant when restricted to four dimensions.
Passing to quantum mechanics
We can now reduce the four dimensional lagrangian to one dimension, i.e. to quantum mechanics. Let us recap what we have done up to now. We have shown that N = 1 in 10 dimensions forbids non-trivial functions of the dilaton times quartic terms in the field strengths. We have also seen that supersymmetrizing the F 4 term in four dimensions leads to terms which are the reduction of terms in ten dimensions. As a result, there can be no renormalization of this term in four dimensions. In particular, supergraphs in the four dimensional theory cannot lead to renormalizations of these terms. But the corresponding graphs in the quantum mechanics are just the same, except that the momentum integrals are performed in fewer dimensions. So there is no renormalization in the quantum mechanics either.
argument we have given here. However, one will need some more complete classfication of possible terms in the quantum mechanics to carry out this proof.
In any case, we see that the required non-renormalization theorem indeed holds in perturbation theory. This is further support for the possibility that the matrix model provides a description of M -theory. The methods used here -the study of higher dimensional, quantum mechanically inconsistent theories in various backgrounds, and the exploitation of the fact that supergraphs in a dimensional reduced theory have exactly the structure of those of the original theory -should allow proof of a larger class of theorems, which might have other applications.
